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Abstract

The goal of this master thesis is to derive a model of the induction machine
that drives the washing machine drum, a model for the drum with an unbal-
anced load and to derive a controller for the induction machine. In addition
to the models, it should also be investigated if the currents, drawn by the
induction machine, will vary with the unbalanced load. Finally it should be
investigated if it is possible to determine the mass of the unbalanced load
simply by looking at the stator currents.

A vector control drive consisting of a current and a speed PI-controller
have been derived and implemented in MATLAB/Simulink. Two controllers
have been derived, one equipped with a flux estimator for speed sensored
control and the other with a flux and speed estimator for sensorless con-
trol. The induction machine model and the model for the washing drum
with unbalanced load have been verified to work as intended. It was also
found that it should be possible to measure the currents, represented in the
synchronously rotating reference frame, drawn by the induction machine to
determine the size of the unbalanced load.
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Chapter 1

Introduction

Asko Cylinda AB was founded in 1950 as one of many washing machine
manufacturer but are today one of two Swedish washing machine manu-
facturer on the market. Even in 1950 most of the washing machines were
equipped with spin ability, and is still one area in which improvements can
be made. Currently, washing machine manufacturers are aiming to minimize
vibrations in order to increase the spin speed.

1.1 Background

A complicated process in washing machines is the spinning process where
excess water in the laundry is to be removed. In order to do this fast and
efficient, a high drum-speed is desired. If the laundry is unevenly distributed
the drum becomes unbalanced and a high speed can not be obtained because
of the vibrations. One way to balance the drum is to redistribute the laun-
dry by alternating between clockwise and counter-clockwise rotation of the
drum. This, however does not improve the performance as much as needed
for the high speeds that are of interest here. Another possibility, suggested
by Asko Cylinda, is to have some mechanics to balance the drum which
requires information of the position and the mass of the unbalanced load.
An interesting approach would be to try to use the variation of the currents
in the induction machine to obtain information about how the laundry is
distributed.

The modeling of the induction machine can be approached in different
ways. One way is to use the T-equivalent expressed in the arbitrary reference
frame [6]. When it comes to the controller, it is more convenient to express
the induction machine with the inverse-Γ equivalent circuit.
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CHAPTER 1. INTRODUCTION 5

1.2 Purpose

The purpose with this master thesis work is to build and implement a
mathematical model of the induction machine and the washing drum in
MATLAB/Simulink. An important goal is also to implement the unbal-
anced load and in particular to obtain the load torque acting on the induc-
tion machine from the unbalanced load. Finally it should be investigated if
the mass and the position of the unbalanced load can be determined from
the variation of the currents that drives the induction machine.



Chapter 2

The Washing Machine

The part of the washing machine, that is of interest for this master thesis,
mainly consists of a user interface, a controller, a converter and an electric
motor connected to the washing drum by a belt as shown in Figure 2.1.

controller

converter/inverter

single-phase AC
3-phase AC

ωengine

ωreference

user interface

induction machine

drum

Figure 2.1: Schematic view of the construction of a washing machine.

The washing machine is supplied with a single-phase 230V AC source but
the motor is a 3-phase induction machine. To supply the induction machine
with a 3-phase variable frequency current a converter is used. The converter
is governed by the controller which calculates the appropriate voltage and
frequency from the actual or estimated rotor speed and the reference speed
set by the user interface unit. The objective for the controller is to make
sure that that the speed of the induction machine follows the reference speed
set by the user interface.

The load torque on the motor shaft is not only dependent on the inertia
of the drum but also on the mass and location of the laundry inside the
drum. If the laundry is unevenly distributed inside the drum it will be
unbalanced and cause the torque on the induction machine output shaft to
vary with the angular location of the drum.
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Chapter 3

Induction Machine Basics

The motor, used in this thesis work, is a two pole induction machine com-
posed of a cage rotor and a stator containing windings connected to the
3-phase power supply.

In common for induction machines is that the stator is made up of a
stack of steel laminations pressed into a aluminum or cast iron frame, and
that the rotor consists of a stack of steel laminations with evenly spaced
slots punched around the circumference where the rotor bars are placed, see
Figure 3.1. Both the rotor and stator lamination plates are insulated to
prevent eddy currents1 from flowing in the iron. The rotor slots are also
skewed to reduce non-linear effect such as harmonics and torque pulsation.

Figure 3.1: Inside view of an induction machine.

1An eddy current is an electrical phenomenon and is caused when a moving magnetic
field intersects a conductor. The relative motion causes a circulating flow of electrons, or
current, within the conductor. These circulating eddies of current create electromagnets
with magnetic fields that oppose the effect of the applied magnetic field according to
Lenz’s law.
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CHAPTER 3. INDUCTION MACHINE BASICS 8

The Stator

Each of the three alternating currents that flows in the three stator windings
give rise to a magnetic field. Since the currents are alternating, the resultant
magnetic field (see Figure 3.2a) rotates with the stator current frequency
and crosses the air-gap radially. It is the layout of the stator windings that
determines the number of poles, see Figure 3.2b and hence the speed of the
rotating magnetic field in relation to the supply frequency.

Ψ180◦Ψ90◦

ψA

ψB

ψC

A
B
C

90◦ 180◦

C A B

(a) Resultant flux vector as a sum of the three
phase currents at 90◦ and 180◦

360◦

Ψ 1
4 cycle

(b) Air-gap flux density of a 3-
phase, 2-pole, two-layer induc-
tion motor winding.

Figure 3.2: Setup of the air-gap flux wave Ψ.

Since every stator conductor is cut by the rotating magnetic field an
alternating electromotive force (emf) E will be induced opposing the voltage
V according to Lenz’s law. The stator can thus be described by the equation
V = ImR + E, which shows the relation between the applied voltage V ,
the magnetizing current Im (i.e. the current that sets up the flux) and
the induced emf E. If the flux decreases, so will the emf. This makes
the magnetizing current increase which in turn makes the flux increase and
hence the emf. The magnetizing current will adjust itself so that the emf
always equals the applied voltage.

The Rotor

Torque producing currents are induced in the rotor bars by interaction with
the air-gap flux wave, the rotor is dragged along by the rotating field. If the
rotor is held stationary there will be a high current induced in the rotor bars
since the wave will cut the bars at a high velocity. If, on the other hand,
the rotor is rotating with the same velocity as the magnetic field, there will
be no current induced in the rotor bars. The slip is defined as the relative
velocity between the speed of the magnetic field (ns), which is also known
as the synchronous speed, and the speed of the rotor (n), i.e.

s =
ns − n

ns
. (3.1)
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If a mechanical load is applied to the shaft, the rotor slows down, the
slip increases and more current gets induced in the rotor bars. This results
in a stronger magnetic field in the rotor bars and hence a higher torque is
produced. The currents in the rotor bars also sets up an magnetomotive
force (mmf) wave in the stator that counteracts with the stator generated
flux wave. Hence, a modest reduction of air-gap flux results in a reduction
of e.m.f. Since the applied voltage is constant this increases the magnetizing
current.

Torque Production

With a small slip, the frequency of the induced emf in the rotor is low which
makes the reactance of the rotor low (in this case the rotor is predominantly
resistive) and thus the rotor current in phase with the rotor emf which in turn
is in phase with the air-gap flux. As a result the torque-speed relationship
for small slip is approximately a straight line (AB in Figure 3.3).

φr

Low slip
values

High slip
values

air-gap flux
rotor emf
rotor currents

Slip
0 ns

100

200

300

Torque [%] Current [%]

Tmax

B

A Speed

01

Istart

Tstart

Full load speed

Figure 3.3: Torque speed relationship.

As the slip increases, both the rotor emf and frequency increases. With
increased frequency the rotor inductive reactance also increases which makes
the current lag by a angle φr shown in the right part of Figure 3.3.



Chapter 4

Modelling

In this chapter a model of the induction machine is derived together with
a model of the drum and the unbalanced load. The induction machine is
represented mathematically using the two-axis theory of electric machines.
The two-phase signal representation is often used to reduce the complexity
of the differential equations that describes the induction machine [6]. In
this thesis the stationary (αβ) reference frame will be used when modeling
the induction machine since all voltages are assumed to be balanced and
continuous, see Appendix A. The synchronously rotating (dq) reference
frame is used when deriving the controllers, see Section 5, since all dq signals
are DC and hence easy to control. A description of the different reference
frames used in this thesis can be found in Appendix A.

Also in this chapter, a description of how the models have been imple-
mented in MATLAB/Simulink is given.

4.1 Motor Model

The induction machine considered in this thesis will be assumed to be sym-
metrical, which implies that the rotor resistances are equal for each winding.

+
rs

ias

Ls

rs

Ls

rs
Ls

3
2Lms

vas

ics

ibs

+
vcs

vbs

+

+

rr
iar

Lr

rr

Lr

rr
Lr

3
2Lmr

var

icr

ibr

+vcr

vbr

+

Figure 4.1: Induction machine winding in stator and rotor.
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From the law of induction it follows that the part of the applied voltage
which is not lost as heat in the stator windings (i.e. stator resistance) will
build up a flux wave in the stator windings. With vabcs as the applied
voltage space vector, iabcs as the stator current and Ψabcs as the stator flux
linkage, where the subscript s implies stator coordinates. With the rotor
described in a similar way, the voltage equations for the induction machine
can be written as

vabcs = rsiabcs +
dΨabcs

dt
(4.1)

vabcr = rriabcr +
dΨabcr

dt
(4.2)

where Ψabcs and Ψabcr are the stator and rotor flux linkages respectively and
where

fabcs =
[
fas fbs fcs

]T (4.3)

fabcr =
[
far fbr fcr

]T (4.4)

where f represents current, voltage or flux linkage. Referring the rotor vari-
ables to the stator side, (4.2) can be written as

v′abcr = r′ri
′
abcr +

dΨ′
abcr

dt
(4.5)

where the transformed variables either is the ratio of the number of sta-
tor windings, Ns, to the number of rotor windings, Nr, or reversed. The
following yields

v′abcr =
Ns

Nr
vabcr, i′abcr =

Nr

Ns
iabcr, Ψ′

abcr =
Ns

Nr
Ψabcr (4.6)

and

r′r =
(
Ns

Nr

)2

rr, L′lr =
(
Ns

Nr

)2

Llr. (4.7)

A change of variables is often used to reduce the complexity of the dif-
ferential equations describing the induction machine [6]. Using the trans-
formations described in Appendix A, and especially (A.11), the induction
machine variables in (4.1) and (4.5) can be referred to a frame of reference
that rotates at an arbitrary angular velocity. From this general transforma-
tion it is easy to obtain the desired transformation simply by assigning the
speed of the rotation of the reference frame. Expressing (4.1) and (4.5) in
the arbitrary reference frame yields

vxy0s = rsixy0s + ωΨyxs +
dΨxy0s

dt
(4.8)

v′xy0r = r′ri
′
xy0r + (ω − ωr) Ψ′

yxr +
dΨ′

xy0r

dt
(4.9)
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where

fxy0s =
[
fxs fys f0s

]T (4.10)

f′xy0r =
[
f ′xr f ′yr f ′0r

]T (4.11)

Ψyxs =
[
−ψys ψxs 0

]T (4.12)

Ψ′
yxr =

[
−ψ′yr ψ′xr 0

]T
. (4.13)

The equation describing the flux linkages can be found by combining
(A.23) with (A.21). Flux linkage as a function of current is thus given by[

ψxy0s
ψ′
xy0r

]
=

[
KsLs (Ks)

−1 KsL′
sr (Kr)

−1

Kr (L′
sr)

T (Ks)
−1 KrL′

r (Kr)
−1

] [
ixy0s
i′xy0r

]
. (4.14)

Using the transformation matrices defined in appendix A, the matrix
elements in (4.14) is found to be

KsLs (Ks)
−1 =

 Lls + Lm 0 0
0 Lls + Lm 0
0 0 Lls

 (4.15)

KrL′
r (Kr)

−1 =

 L′lr + Lm 0 0
0 L′lr + Lm 0
0 0 L′lr

 (4.16)

KsL′
sr (Kr)

−1 = Kr

(
L′
sr

)T (Ks)
−1 =

 Lm 0 0
0 Lm 0
0 0 0

 (4.17)

where Lm is the magnetizing inductance given by

Lm =
3
2
Lms =

3
2
Lmr (4.18)

where Lms is the stator magnetizing inductance and Lmr is the rotor mag-
netizing inductance.

Using (4.8) and (4.9) the voltage equations can be written in expanded
form as

vxs = rsixs − ωψys + pψxs (4.19)
vys = rsiys + ωψxs + pψys (4.20)
v0s = rsi0s + pψ0s (4.21)
v′xr = r′ri

′
xr − (ω − ωr)ψ′yr + pψ′xr (4.22)

v′yr = r′ri
′
yr + (ω − ωr)ψ′xr + pψ′yr (4.23)

v′0r = r′ri
′
0r + pψ′0r (4.24)



CHAPTER 4. MODELLING 13

where p has replaced the operator d/dt. Since there is no voltage applied to
the rotor v′xr, v

′
yr and v′0r in (4.22), (4.23) and (4.24) respectively is set to

zero.
Expanding (4.14), flux linkage as a function of current is determined to

ψxs = Llsixs + Lm
(
ixs + i′xr

)
(4.25)

ψys = Llsiys + Lm
(
iys + i′yr

)
(4.26)

ψ0s = Llsi0s (4.27)
ψ′xr = L′lri

′
xr + Lm

(
ixs + i′xr

)
(4.28)

ψ′yr = L′lri
′
yr + Lm

(
iys + i′yr

)
(4.29)

ψ′0r = L′lri
′
0r. (4.30)

The voltage and flux linkage equations can also be represented with the
equivalent circuit shown in Figure 4.2.

ωψys
+ −rs Lls

Lm

L′
lr

(ω − ωr)ψ
′
yr

+ − rr

vxs

+

−

v′xr

+

−

ixs i′xr

Figure 4.2: x-axis equivalent circuit in the arbitrary reference frame.

Currents can instead be expressed as a function of flux linkage yielding

ixs =
1
Lls

(ψxs − ψmx) (4.31)

iys =
1
Lls

(ψys − ψmy) (4.32)

i0s =
1
Lls

ψ0s (4.33)

ixr =
1
L′lr

(
ψ′xr − ψmx

)
(4.34)

iyr =
1
L′lr

(
ψ′yr − ψmy

)
(4.35)

i0r =
1
L′lr

ψ′0r (4.36)

where

ψmx =
1

1
Lm

+ 1
Lls

+ 1
Llr

(
ψxs
Lls

+
ψ′xr
L′lr

)
(4.37)

ψmy =
1

1
Lm

+ 1
Lls

+ 1
Llr

(
ψys
Lls

+
ψ′yr
L′lr

)
. (4.38)
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Inserting (4.31) - (4.36) into voltage equations (4.19) - (4.24) and rear-
ranging, flux linkage as a function of voltage is found to be

dψxs
dt

= vxs − ωψys +
rs
Lls

(ψmx − ψxs) (4.39)

dψys
dt

= vys + ωψxs +
rs
Lls

(ψmy − ψys) (4.40)

dψ0s

dt
= v0s −

rs
Lls

ψ0s (4.41)

dψ′xr
dt

= vqr − (ω − ωr)ψ′yr +
r′r
L′lr

(
ψmx − ψ′xr

)
(4.42)

dψ′yr
dt

= vdr + (ω − ωr)ψ′xr +
r′r
L′lr

(
ψmy − ψ′yr

)
(4.43)

dψ′0r
dt

= v0r −
r′r
L′lr

ψ′0r. (4.44)

The electrical rotor speed, ωr, is given by

dωr
dt

=
P

2J
(Te − Tload) (4.45)

where P is the number of poles, Tload is the load torque described in section
4.2 and Te the electrical torque given by

Te =
(

3
2

)(
P

2

)(
ψ′xri

′
yr − ψ′ysi

′
xr

)
. (4.46)

Transforming the above defined electrical speed to mechanical angular
speed (ωmech in [rad/s]) or speed (nmech in [rpm]) on rotor output shaft
yields

ωmech =
2
P
ωr (4.47)

nmech =
60
2π
ωmech. (4.48)
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4.1.1 Equivalent Circuit Parameter Determination

From [8] we can learn that to determine the parameters of the induction
machine equivalent circuit a few tests have to be performed. Presented below
is a list with the tests together with a short description and a reference to
the adequate appendix were a complete description can be found.

• DC Resistance Test - Appendix B. Determines the stator winding
resistance rs.

• No-Load Test - Appendix C. Performed to find the magnetizing impedance
(rc and Xm) and hence the stator losses.

• Locked Rotor Test - Appendix D. Provides information about leakage
impedances Xls and Xlr and rotor resistance rr. It can also be used
to determine the current and torque at start as well as copper loss at
full load.

To be able to verify the induction machine model a few more tests have to
be performed. The purpose of these tests are to gather information about
the induction machine behavior during transients but also during steady
state conditions. The Direct Start Test gives information about the transient
response and are further explained in appendix E. To get information about
the steady state behavior a Torque-Speed Test is performed, this is explained
in appendix F. The data collected from these tests are later compared with
data from the model collected during the simulations.

4.1.2 Simulink Implementation

Flux linkage equation (4.39) - (4.44), (4.37) and (4.38), current equation
(4.31) - (4.36) together with speed and torque equation (4.45) and (4.46)
respectively gives the MATLAB/Simulink implemented induction machine.
Below, in Figure 4.3, is a block diagram showing the connections between
the equations.
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(4.41)

(4.40)

(4.39)

v0s

(4.42)

(4.43)

(4.44)

(4.37)

(4.38)

vys

vxs

ω

(4.33)

(4.32)

(4.31)

(4.35)

(4.34)

(4.36)

i0s

iys

ixs

ixr

iyr

i0r

(4.46) (4.45)

Tload

Te ωr

Figure 4.3: Induction machine implementation in MATLAB/Simulink.

The induction machine is modeled in the stationary (αβ) reference frame
which, according to Table A.1 in Appendix A, sets ω to zero.

4.2 Drum and Transmission Model

This model describes the load torque acting on the motor shaft (i.e. the
engine load torque). If the laundry is uneven distributed in the drum the
center of gravity will be outside the center point of the drum, see Figure 4.4.

r1

r2

F1

F2

T2
ω2, θ2

Tload

ω1, θ1

m
rm

Figure 4.4: Drum model with unbalanced load.

The output torque Tload can be expressed as

Tload = T1 + TJ1 + Tµ1 (4.49)
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where

T1 = F1r1 (4.50)

TJ1 =
dω1

dt
J1 (4.51)

Tµ1 = µ1ω1 (4.52)

where F1 is the belt force, r1 is the radius of the output shaft, ω1 is the
mechanical rotor speed, µ1 is the friction coefficient for the rotor and J1 is
the inertia of the rotor and rotor pulley. The belt force is given by

Fk = ξr1θ1 − ξr2θ2 + d (ω1r1 − ω2r2) (k = 1, 2) (4.53)

where ξ is the belt spring constant, r2 is the radius of the drum and d is the
belt damping constant. Inserting (4.50), (4.51) and (4.53) in (4.49) yields

Tload = ξr21θ1 − ξr1r2θ2 + r1d (ω1r1 − ω2r2) +
dω1

dt
J1 + µ1ω1. (4.54)

The force generated on the pulley belt from the drum is not entirely due
to the inertia but also dependent on the mass of the unbalanced load and
the radius at which it is located from the center of the pulley. The equations
for the drum can be written as

T2 = TJ2 + Tµ2 + Tub (4.55)

where the torque from the belt T2, the torque due to the inertia TJ2 , the
friction torque Tµ2 and the torque generated by the unbalanced load Tub is
found using

T2 = F2r2 (4.56)

TJ2 =
dω2

dt
J2 (4.57)

Tµ2 = µ2ω2 (4.58)

Tub =
dω2

dt
mr2m︸ ︷︷ ︸

inertia

+ rmmgcos(θ2)︸ ︷︷ ︸
unbalance

(4.59)

where F2 is given by (4.53), ω2 is the speed of the drum, J2 is the inertia
of the drum, µ2 is the friction coefficient of the drum, g is the gravitational
constant, rm is the distance from the center of the drum to the unbalanced
load and m is the mass of the unbalanced load. Inserting (4.53) and (4.56)
- (4.59) into (4.55) yields

dω2

dt

(
J2 +mr2m

)
= ξr1r2θ1−ξr22θ2+dr2 (ω1r1 − ω2r2)−rmmgcos(θ2)−µ2ω2.

(4.60)
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4.2.1 Simulink implementation

The engine load torque Tload is found using (4.54) and (4.60) as shown in
Figure 4.5, which also is the model used in simulink.

(4.60)

(4.54)

-

-
-

-

ω2

ω1

Tload

Figure 4.5: Block diagram of drum and transmission model.



Chapter 5

Controller Design

As already mentioned in Chapter 2, the washing program sets the desired
speed of the drum. This calls for a two-loop control of the induction machine,
which consists of an inner feedback loop to control the current (and hence
the torque) and an outer loop to control the speed. To find a more suitable
model for controller design, the dynamic inverse-Γ model in the synchronous
(dq) coordinates is derived. It is assumed that the coordinate system is
aligned with the rotor flux (perfect field orientation) which makes the stator
current components ids and iqs correspond to the magnetizing and armature
currents, respectively, of a DC motor. With all quantities DC it is sufficient
for the controllers to be of proportional-integral (PI) type.

IM
co

nv
ert

er

Current
Controller

3
αβ

dq
αβ

voltage model
flux estimator

i∗dqs

calculation

Speed
Controller

Ψ∗
dqR

ω̂r

ω̂e

Ψ̂dqR

3
αβ dq

αβ

udqs

ω∗
r

T ∗
e

idqsiαβs

uαβs

θ̂

current
reference

iabcs

uabcs

Figure 5.1: Sensorless control of induction machine using the SCVM in IFO
model.

Depending on the number of sensors and what kind of sensor, different
controller methods are used, of which some are described in Section 5.1. In
this thesis, both a flux sensorless, which requires a speed sensor, and a speed
sensorless, which require the flux and speed to be estimated, control of the

19
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induction machine are examined. A block diagram of a statistically com-
pensated voltage model (SCVM) flux estimator in indirect field orientation
(IFO) with current and speed controller is seen in Figure 5.1. This is one of
the models that is implemented in MATLAB/Simulink.

In field-oriented control the rotor flux is established in a known position,
usually the d-axis of the transformation. The current are then placed in the
orthogonal q-axis where it will be most effective in producing torque [5].

5.1 Different Controller Methods

With inspiration from [5], [9] and [10] this section briefly describes some of
the available controller methods and there characteristic.

5.1.1 Volt/Hertz control

Volt/Hertz control in its simplest form takes a speed reference command
from an external source and varies the voltage and frequency applied to
the motor. By maintaining a constant V/Hz ratio, the drive can control
the speed of the connected motor. This is a open-loop control strategy
and neither current nor speed measurement is needed. However, there are
several drawbacks. A step in reference speed is similar to the starting of the
machine which will result in large peeks in the stator currents. Furthermore,
the transients for speed and torque are quite slow.

5.1.2 Vector control

When quick torque response is highly important, vector control is the pre-
ferred controller method. Vector control relies on field orientation in which
the torque is controlled simply by changing the stator current iq and the flux
by changing id. This method gives good transient performance by mimicking
the DC motor. This can be done since the induction machine in principle is
a DC machine turned inside out.

Flux-sensored Control

When using a flux sensor, the induction machine is not much more difficult
to control than a DC machine. However the flux sensors is delicate and
expensive and this is not a realistic alternative in reality.

Flux-sensorless Speed-sensored Control

This is the typical situation in many induction machine drives. When the
speed is measured, the flux angle can be estimated with good accuracy as
described in Section 5.6. The performance is comparable with the flux-
sensored but the controller is more complicated.
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Flux and Speed Sensorless Control

Regarding cost and robustness this is the ideal situation. At nominal speed
the flux angle can be estimated with good accuracy and hence the perfor-
mance is comparable with that of the flux sensor control method. However,
a major drawback is that stability and accuracy is difficult to guarantee at
low speeds.

5.1.3 Direct Torque Control (DTC)

This is the latest technology and according to [9] DTC only measures current
and voltage to estimate the instantaneous stator flux and output torque by
means of an induction machine model. Furthermore in [10] it is stated that
DTC have a faster speed and torque response than ordinary AC drives and
also a better static speed accuracy.

5.2 Inverse-Γ Model

The use of complex vector notation simplifies the model of an AC ma-
chine from a multiple-input/multiple-output system to a single-input/single-
output complex vector system. So, not taking into consideration the zero
sequence components and taking x, α and d as the real axis and y, β and q as
the imaginary axis in complex vector notation, the rotor and stator voltage
equation in the arbitrary reference frame, (4.8) and (4.9), can alternatively
be expressed as

vxys = rsixys + jωψxys + pψxys (5.1)

0 = rrixyr + j (ω − ωr)ψxyr + pψxyr (5.2)

where

fxys = fxs + jfys (5.3)
fxyr = fxr + jfyr (5.4)

where f represents voltage, current or flux linkage. The same equation holds
for both the αβ and the dq system.

Expressing the rotor and stator voltage (5.1) and (5.2) in the stationary
reference frame, see Table A.1 on page 50, and rearranging yields

pψαβs = vαβs − rsiαβs (5.5)

pψαβr = jωrψαβr − rriαβr. (5.6)

The inverse-Γ model is a representation of the induction machine with
the rotor leakage inductance, Llr, eliminated and instead referred to the
stator side. This is possible since there is a linear dependency of currents,
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i.e. the magnetizing current can be expressed as the sum of the rotor and
stator current.

Defining Ψ′
αβR = aΨ′

αβr and i′αβR = i′αβr/a, flux linkage (4.25), (4.26),
(4.28) and (4.29) can be written, in the complex form, as

Ψαβs = (Lls + LM ) iαβs + aLM i
′
αβR (5.7)

Ψ′
αβR = aLM iαβs + a2

(
L′lr + LM

)
i′αβR. (5.8)

With equal coefficients for the stator and rotor currents in (5.8) the
inductance on the rotor side can be eliminated. So, with a = LM (L′lr + LM )
(5.7) and (5.8) can now be expressed as

Ψαβs = (Lls + LM ) iαβs +
L2
M(

L′lr + LM
) i′αβR =

= Lσiαβs + LM i
′
αβR (5.9)

Ψ′
αβR =

L2
M(

L′lr + LM
) (iαβs + i′αβR

)
= LM iαβM (5.10)

where Ls = Lls +Lm, L′r = L′lr +Lm, LM = L2
m/L

′
r and Lσ = Ls −LM .

With r′R = (Lm/L′r)
2 r′r the stator and rotor equations (5.5) and (5.6)

can be expressed as

pΨαβs = vαβs − rsiαβs (5.11)
pΨ′

αβR = jωrΨ′
αβR − r′Ri′αβR. (5.12)

Combining (5.11) and (5.12) with (5.9) and (5.10) the inverse-Γ model
is found to be

vαβs − rsiαβs − Lσ
diαβs
dt

− LM
diαβM
dt

= 0 (5.13)

jωrΨ′
αβR − r′RiαβR − LM

diαβM
dt

= 0. (5.14)

rs

LM

rR

vs

+

−

is i′r
jωrΨ

′
R

+

−
V ωr

Lσ

iM

Figure 5.2: Dynamic inverse-Γ equivalent circuit

When designing the current controller it is convenient to eliminate the
rotor current from the equations, since it is usually not possible to measure
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it. Instead the rotor flux linkage is used as a state variable together with
the stator current. So, by substituting i′αβR = iαβM − iαβs into (5.13) and
(5.14) the dynamic inverse-Γ model with rotor current eliminated is given
by

Lσ
diαβs
dt

= vαβs −
(
rs + r′R

)
iαβs +

(
r′R
LM

− jωr

)
Ψ′
αβR (5.15)

dΨ′
αβR

dt
= r′Riαβs −

(
r′R
LM

− jωr

)
Ψ′
αβR. (5.16)

Expressing the above inverse-Γ model in synchronous (dq) coordinates
(d/dt→ d/dt+ jωe) yields

Lσ
didqs
dt

= vdqs −
(
rs + r′R + jωeLσ

)
idqs +

(
r′R
LM

− jωr

)
Ψ′
dqR (5.17)

dΨ′
dqR

dt
= r′Ridqs −

(
r′R
LM

+ j (ωe − ωr)
)

Ψ′
dqR. (5.18)

The mechanical dynamics are described by (4.45), the electrical torque
by (4.46) and the load torque by (4.54). In synchronous coordinates and
inverse-Γ form the equations can be written as

dωr
dt

=
P

2J
(Te − TL) (5.19)

Te =
(

3
2

)(
P

2

)(
ψ′dRiqs − ψ′qRids

)
(5.20)

ωmech =
2
P
ωr. (5.21)

5.3 Current Controller

As mentioned earlier, the synchronous (dq) frame current controller is pre-
ferred since all electrical variables have DC steady-state values viewed from
the synchronous frame. Zero steady-state error can be provided using only a
simple PI-controller. However, in [5] it is suggested that to improve the dy-
namic performance the cross-coupling terms have to be eliminated since the
dynamic response deteriorates as the synchronous frequency (ωe) increases.
The cross-coupling terms links the imaginary and real axis in (5.17) and are
given by

jωeLσidqs (5.22)
−
(
r′R/LM − jωr

)
Ψ′
dqR (5.23)

where (5.22) is the current dq axis cross-coupling term and (5.23) is the
electromechanical cross-coupling term defined as the back e.m.f (i.e. the
effect of rotor flux and velocity on the stator current (E)).
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To cancel out the cross-couplings the following decoupler terms are used

jωeL̂σidqs (5.24)
jωrΨ′

dqR (5.25)

where L̂σ is the estimated total leakage inductance and where the term
r′R/LM is assumed to be much smaller than jωr. The voltage equation
(5.17) can be expressed as

vdqs = ṽdqs + jωeL̂σidqs + jωrΨ′
dqR. (5.26)

Assuming that there is an exact removal of the cross-coupling terms (i.e.
the inductances have been estimated correctly) the system to be controlled
is now a simple RL circuit. Using (5.17) and (5.26) it can be written as

Lσ
didqs
dt

= ṽdqs −
(
rs + r′R

)
idqs. (5.27)

Laplace transforming (5.27) gives

G̃ (s) =
idqs
ṽdqs

=
1

sLσ + rs + r′R
(5.28)

which represents the system to be controlled using a PI controller on the
form

Fe (s) = kpe +
kie
s

(5.29)

where the controller parameters, kpe and kie is determined using internal
model control (IMC) [5]. The idea with IMC is to make the closed loop
system into a first order low-pass filter, which is possible since G̃ (s) is of
order one. The closed loop transfer function from i∗dqs to idqs is given by

Gce (s) =
αe

s+ αe
=

1
sTe + 1

(5.30)

where αe = 1/Te is the closed loop bandwidth and Te is the closed-loop time
constant. For a first order system, the relation between rise time tre and
time constant Te, alternatively the relation between bandwidth αe and rise
time tre, is given by

tre = Te ln 9 (5.31)
αetre = ln 9. (5.32)

Forming the closed loop transfer function from i∗dqs to idqs using (5.28)
and (5.29) yields

Gce (s) =
Fe (s) G̃ (s)

1 + Fe (s) G̃ (s)
. (5.33)
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Combining (5.33), (5.30) and (5.28) gives

Fe (s) =
αe
s

G̃
−1

(s) = αeL̂σ +
αe (r̂s + r̂′R)

s
. (5.34)

From (5.34) and (5.29) the controller parameters can easily be identified
as

kp = αeL̂σ (5.35)
ki = αe

(
r̂s + r̂′R

)
. (5.36)

5.3.1 Active Damping

The IMC designed controller will not be able to well suppress the load
disturbance caused by the back emf One idea [5] is to use active damping
which means that a fictive resistance ra is added to the already existing
resistances rs and r′R in order to minimize the control error. The closed
loop system from ṽdqs to idqs is now given by

G̃ (s) =
1

sLσ + rs + r′R + ra
(5.37)

With active resistance added, the integral part of the current controller
has to be modified to yield ki = αe (r̂s + r̂′R + ra). With ra determined with
the assumption that the inner feedback loop G̃ (s) is as fast as the outer
feedback loop Gce (s), i.e. (rs + r′R + ra) /Lσ = αe ⇒ ra = αeLσ−(rs + r′R),
the controller parameters is determined according to

kp = αeL̂σ (5.38)

ki = α2
eL̂σ (5.39)

5.3.2 Back Calculation

For large steps in the current reference signal, the current controller voltage
output often exceeds the voltage limited by the power electronics. When
this happens, the integrator part of the PI controller will build up an error
called integrator windup due to the saturated voltage. The error can be
quite large giving current overshoot during the time it takes the integrator
to work off the error. To solve the problem a method called back calculation
can be used. The idea is to define a new error signal for the integrator which
gives a PI controller that never allows the voltage to exceed the voltage limit.
The PI controller can be described by

dI

dt
= ee (5.40)

ũdqs = kpeee + kieI (5.41)
ṽdqs = sat (ũdqs) (5.42)
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where ũdqs is the ideal output signal and I is the integrator state variable.
From (5.41) it can be seen that ē has to be selected as

ṽdqs = kpeēe + kieI. (5.43)

Combining (5.43) with (5.41) yields

ēe = ee +
1
kpe

(ṽdqs − ũdqs) . (5.44)

The control algorithm with back calculation can be written as

dI

dt
= ee +

1
kpe

(ṽdqs − ũdqs) (5.45)

ũdqs = kpeee + kieI (5.46)
ṽdqs = sat (ũdqs) . (5.47)

5.3.3 Simulink Implementation

The current controller implemented in MATLAB/Simulink is a PI controller
with active damping to suppress load disturbance and with back calculation
to avoid integrator windup due to voltage saturation. The block diagram
can be seen in Figure 5.3.

G (s)
idqs

Edq

+

G̃ (s)
i∗dqs

jωeL̂σ − ra

ṽdqs

− vdqs

kpe

ũdqs

kie
1
s

1
kpe

ee ēe +

−

+

+

+

− +
+

+

Figure 5.3: Current controller with decoupling, active damping and back
calculation.

5.4 Speed Controller

The speed controller is designed in much the same way as the current con-
troller, see section 5.3, including active damping to suppress the load dis-
turbance TL and back calculation to limit the current output signal.

The speed controller is designed assuming that the current controller is
much faster, i.e. αe << αm and Fe (s) = 1. The mechanical dynamics,
defined by (4.45), is given by

J
dωmech
dt

= Te − Tload − bωmech (5.48)
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where b is the viscous friction, P is the number of poles and Tload is the load
torque defined in section 4.2.

With perfect field orientation the electrical torque Te, defined by (4.46),
can be written in inverse-Γ synchronous coordinates as

Te =
(

3
2

)(
P

2

)
ψ′dRi

′
qR. (5.49)

The transfer function from Te to ωmech is given by

Gm(s) =
1

sJ + b
. (5.50)

Following the procedure in section 5.3 the speed controller parameters
kpm and kim is found to be

Fm(s) =
αm
s
G−1
m (s) =

αm
s

(sJ + b) = αmJ +
αmb

s
(5.51)

where

kpm = αmĴ (5.52)

kim = αmb̂. (5.53)

5.4.1 Active Damping

The active damping term introduced is given by

Te = T̃e −Baωmech (5.54)

where Ba is the active damping constant. Inserting (5.54) into (5.48) and
choosing the closed loop bandwidth αm as the pole of (5.48) instead of −b/J ,
the dynamics can be written as

dωmech
dt

=
T̃e
J
− Ba + b

J︸ ︷︷ ︸
αm

ωmech −
TL
J
. (5.55)

Solving for Ba yields

Ba = αmĴ − b̂. (5.56)

Including active damping the controller parameters (5.52) and (5.53) can
be written as

kpm = αmĴ (5.57)

kim = α2
mĴ . (5.58)
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5.4.2 Back Calculation

Back calculation is also implemented for the speed controller in order to
prevent integrator windup. The procedure is described in Section 5.3 and
the results are therefore only listed in this section. With the new error signal
defined as

ēm = em +
1
kpm

(Te,sat − Te) (5.59)

the PI speed controller can be described by

dI

dt
= em +

1
kpm

(Te,sat − Te) (5.60)

i = kpmem + kimI (5.61)
Te,sat = sat (Te) (5.62)

where

i∗qs =
(

2
3

)(
2
P

)
1
ψ′dR

Te (5.63)

i∗ds =
1
LM

ψ∗dR (5.64)

which is the reference input current to the current controller.

5.4.3 Simulink Implementation

The block diagram of the speed PI controller with active damping and back
calculation can be seen in Figure 5.4.
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i′qR
kpm

Te

kim
1
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1
kpm

em ēm

+

−

+

+

+

−

+

+

+

Tload

Ba

−

1
Ψ

Ψ
Te,sat

−

Figure 5.4: Speed controller with active damping and back calculation.
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5.5 Flux Sensorless Control

The flux linkage is estimated using the equation for the rotor flux, (5.18).
Assuming that ΨR is real-values, i.e. perfect field orientation, (5.18) can be
simplified to yield

dψ̂′dR
dt

= r̂′Ridqs −
(
r̂′R
L̂M

+ j (ωe − ωr)
)
ψ̂′dR. (5.65)

Separating the real and imaginary parts gives

dψ̂′dR
dt

= r̂′Rids −
r̂′R
L̂M

ψ̂′dR (5.66)

ωe − ωr =
r̂′Riqs

ψ̂′dR
(5.67)

where the transformation angle is found by integrating the synchronous
speed, i.e.

θe =
∫
ωedt. (5.68)

5.5.1 Simulink Implementation

The flux estimator is implemented using (5.66) and (5.67). A block diagram
representation of the equations can be seen in Figure 5.5.

r̂′R
L̂M

1
s ψ̂′dR+

−
r̂′Rids

÷
×r̂′Riqs +

1
s

ωr

+

ωe
θe

Figure 5.5: Flux linkage estimation.

5.6 Speed and Flux Sensorless Control

Sensorless control requires estimation of rotor speed and linkage flux. It is
also assumed that the flux field is perfectly oriented along the d-axis.
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5.6.1 Speed Estimation

Without a speed sensor the rotor speed has to be estimated. Writing (5.18)
in component form yields

dψ′dR
dt

= r′Rids −
r′R
LM

ψ′dR + (ωe − ωr)ψ′qR (5.69)

dψ′qR
dt

= r′Riqs −
r′R
LM

ψ′qR − (ωe − ωr)ψ′dR. (5.70)

With perfect field orientation (ψ′qR = 0) the q-direction rotor voltage
(5.70) is found to be

0 = r′Riqs − (ωe − ωr)ψ′dR. (5.71)

By rearranging (5.71) the rotor speed estimate is found according to

ω̂r = ωe −
r̂′Riqs

ψ̂′dR
. (5.72)

5.6.2 Flux Estimation

Combining (5.10) with (5.13) and rearranging, an expression for the rotor
flux in the stationary reference frame is found. By integrating the same
expression an estimate of the rotor flux can be found according to

Ψ̂′
αβR =

∫
(vαβs − r̂siαβs) dt− L̂σiαβs. (5.73)

Integration by a pure integrator (1/s) of (5.73) give rise to drift and
saturation problems [11]. To solve the problems, the integrator is replaced
by a low-pass filter. The rotor flux estimate can now be written as

Ψ̂′
αβR =

1
s+ α

(vαβs − r̂siαβs)− L̂σiαβs (5.74)

or in a more compact form

Ψ̂′
αβR =

1
s+ α

Êαβ (5.75)

where Êαβ is a voltage defined as vαβs − r̂siαβs − L̂σ
diαβs

dt .
For the stator flux to be estimated correctly, there must be a phase lag

of 90◦ and a gain of 1/ |ω̂e| since this is the space lag and gain of the pure
integrator, see Figure 5.6. The above defined low-pass filter phase lag and
gain, φ and A respectively, is given by

φ = − tan−1

(
ω̂e
α

)
(5.76)

A =

∣∣∣∣∣Ψ̂′
αβs

Eαβ

∣∣∣∣∣ = 1√
ω̂2
e + α2

. (5.77)
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Eαβ

Ψ̂αβR

Ψ̂αβRl

φ1φ

ωe

Figure 5.6: Vector diagram of low-pass filter and pure integrator.

Compensating for the space lag and gain using a gain compensator CG
and a phase compensator CP given by

CG =

√
ω̂2
e + α2

|ω̂e|
(5.78)

CP = e−jφ1 (5.79)

the new integrator can be written as

Ψ̂αβs =
1

s+ α

√
ω̂2
e + α2

|ω̂e|
e−jφ1Eαβ (5.80)

where φ1 is the difference in phase between the pure integrator and the
low-pass filter. The phase compensator (5.79) is found using the following
relationship

e−jφ1 = cosφ1 − j sinφ1 (5.81)

cosφ1 =
|ω̂e|√
ω̂2
e + α2

(5.82)

sinφ1 =
λω̂e√
ω̂2
e + α2

. (5.83)

To further minimize the stator flux estimation error the low-pass filter
pole α is chosen to vary proportionally to the speed, i.e.

α = λ |ω̂e| (5.84)

where λ is a constant to be chosen.
Transforming (5.80) to the synchronous reference frame, using the re-

lationship s → s + jωe, indirect field orientation (IFO) is obtained. The
estimated rotor flux in synchronous coordinates is given by

Ψ̂dqR =
1

s+ jω̂e + α

√
ω̂2
e + α2

|ω̂e|
e−jφ1Edq. (5.85)
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Inserting (5.81) and (5.84) into (5.85) yields

Ψ̂dqR =
1− jλsignω̂e
s+ jω̂e + λ |ω̂e|

(ed + jeq)︸ ︷︷ ︸
Edq

(5.86)

where

ed = vds − r̂sids − L̂σ
dids
dt

+ ω̂eL̂σiqs (5.87)

eq = vqs − r̂siqs − L̂σ
diqs
dt

− ω̂eL̂σids. (5.88)

Assuming that the current controller is much faster than the flux es-
timator, the derivative of the stator currents in (5.87) and (5.88) can be
neglected. The equations can be written as

ed = vds − r̂sids + ω̂eL̂σiqs (5.89)

eq = vqs − r̂siqs − ω̂eL̂σids. (5.90)

Splitting (5.86) into its real and imaginary part, and solving for ωe in
the imaginary part, gives

ψ̂dR =
ed + λsign (ω̂e) eq

s+ λ |ω̂e|
(5.91)

ω̂e =
eq − λsign (ω̂e) ed

ψ̂dR
(5.92)

θe =
∫
ω̂edt (5.93)

where θe is the rotor flux angle used for transformations between the sta-
tionary (αβ) reference frame and the synchronous (dq) reference frame.

5.6.3 Simulink Implementation

By embedding (5.72) and (5.92) in a first-order low-pass filter, using the
same αe bandwidth as the current control loop, the algebraic loop problem
is avoided. The rotor speed is determined using

ω̂r = αe

∫ (
eq − λsign (ω̂e) ed

ψ̂dR
−
r̂′Riqs

ψ̂′dR
− ω̂r

)
dt

∣∣∣∣∣
ωmax

−ωmax

(5.94)

ω̂e = ω̂r +
r̂′Riqs

ψ̂′dR
(5.95)

where ω̂r has been confined to the interval [−ωmax, ωmax] to prevent unre-
alistic large values. Typical values of ωmax are 1.2ωrated below base speed
and 3.5ωrated in the field-weakening region [5].
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It is also a good idea to prevent ψ̂′dR from getting to small and risk
division by zero. Using

Ψ̂dR =
∫ (

ed + λsign (ω̂e) eq − λ |ω̂e| Ψ̂dR

)
dt

∣∣∣∣ψmax

ψmin

(5.96)

Ψ̂dR is confined to the interval [ψmin, ψmax]. This also prevents the flux level
from growing beyond any reasonable bound. Recommended boundaries are
[0.6ψnom, 1.0ψnom] during normal operation according to [5].

The block diagram implemented in MATLAB/Simulink can be seen in
Figure 5.7.

ωe

vdqs

Ψ̂dR(5.96)

idqs

(5.94)

(5.95)

i∗dqs

ω̂r

1
s

θe

Figure 5.7: Simulink implemented flux and speed estimator.



Chapter 6

Verification

In this chapter the results are presented. The results consists of the param-
eters of the induction machine, verifying the induction machine model, the
model for the washing machine drum with unbalanced load and finally the
controller implementation.

6.1 Induction Machine

To be able to verify the induction machine model the tests described in sec-
tion 4.1.1 have been performed. Due to limitations in the testing equipment
the experiments have only been performed at 50Hz.

6.1.1 T-Equivalent Circuit Parameters

To determine the induction machine parameters the tests described in sec-
tion 4.1.1 was performed. However, due to limitations in the test equipment
the decision to ask the manufacturer for the parameters was made. The
calculations made to determine the T-equivalent circuit parameters is found
in Appendix G.

In addition to the T-equivalent circuit parameters, the inertia J of the
induction machine is necessary when modelling. Using well known relations
[12], the inertia was calculated to approximatly 0.55 · 10−3 kgm2 assuming
that the rotor is made of solid iron.

6.1.2 Direct Start Measurements

The direct start measurements gives information about the transient behav-
ior of the induction machine and is used to verify the induction machine
model by comparing simulated with measured data. The direct start exper-
iment, also described in section 4.1.1, was performed at 10V, 15V and 20V,
all at 50Hz.
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The result can be seen in Figure 6.1 to 6.3 and shows that the model
is a very good representation of the real induction machine at all voltages
tested.

(a) Simulated and measured speed. (b) Simulated and measured voltage.

(c) Simulated current. (d) Measured current.

Figure 6.1: Simulated compared to measured data at 50Hz and 12Vrms.
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(a) Simulated and measured speed. (b) Simulated and measured voltage.

(c) Simulated current. (d) Measured current.

Figure 6.2: Simulated compared to measured data at 50Hz and 18Vrms.
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(a) Simulated and measured speed. (b) Simulated and measured voltage.

(c) Simulated current. (d) Measured current.

Figure 6.3: Simulated compared to measured data at 50Hz and 23Vrms.

6.1.3 Induction Machine With Unbalanced Load

To verify the system consisting of the induction machine with unbalanced
load a step in voltage was applied. As for the real washing machine, the
unbalance measure was performed at a rotor speed of 1700rpm which results
in a washing drum speed of approximately 100rpm.

The current, speed and load torque are shown in Figure 6.4 and 6.5 for
unbalanced loads of 1000g and 3000g respectively. As can be seen in the
figures there is a significant change in amplitude of the ripple when changing
the mass of the unbalance load, both for speed and torque and as well for
the stator current. With decreased unbalanced load mass the ripple is also
decreased and is difficult to spot in the stator current represented in the
abc reference frame. But, as can be seen in Figure 6.6, it is still quite easy
to spot the ripples if the currents are being represented in the dq reference
frame.

Finally, it should be mentioned that the drum model has not been exper-
imentally verified and some of the parameters have been coarsely estimated,
so the exact values from these simulations is not of interest.
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(a) Rotor speed. (b) Load torque.

(c) Stator current (one phase). (d) Stator current in dq coordinates.

Figure 6.4: Speed, load torque and current with a 1000g unbalanced load.
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(a) Rotor speed. (b) Load torque.

(c) Stator current (one phase). (d) Stator current in dq coordinates.

Figure 6.5: Speed, load torque and current with a 3000g unbalanced load.

Figure 6.6: Current in dq coordinates with a 300g unbalanced load.
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6.2 Drum

The unbalanced load detection on the real washing machine is performed at
100rpm. During this test the speed of the drum is ramped form 0 to 100rpm
in one second with a unbalanced load mass of 1000g. The parameters for the
drum, such as the inertia, the belt spring constant and the friction coefficient,
have not been verified towards the real washing drum. Consequently, no
exact conclusions can be drawn from the resulting plot, shown in Figure
6.7. However, the plot have the characteristic of an unbalanced load.

Figure 6.7: Load torque at 100rpm and 1000g unbalanced load
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6.3 Current and Speed Controller

Two types of vector based controllers have been implemented in MAT-
LAB/Simulink. The first is a flux sensorless, speed sensored controller,
which is the typical situation in many induction machine drives, and the
second a flux and speed sensorless controller, which is the ideal situation
regarding cost and robustness.

6.3.1 Flux Sensorless and Speed Sensored Control

Measuring the speed gives good performance at all speeds but the estimation
of of the flux angle is slightly more complicated compared to flux sensored
control.

As can be seen in Figure 6.8 the rotor speed follows the reference speed
in a satisfying way with a zero steady-state error. After five seconds a load
torque of 1 Nm is applied, and as can be seen, the rotor speed makes a little
dip before ending up at the desired rotor speed.

(a) Rotor speed (ωr) and rotor speed error
(ωr − ω∗r ).

(b) Electrical torque (Te).

Figure 6.8: Flux sensorless control.

6.3.2 Flux and Speed Sensorless Control

The actual value signals (ωr, Te, θe and ψdR) are collected from the induction
machine model, the estimate signals (θ̂e and ψ̂dR) are collected from the
voltage model flux estimator (see Figure 5.1) and the reference signal (ω∗r , T

∗
e

and ψ∗dR) are collected from the model input signals or from the controllers.
In the simulation shown in Figure 6.9, the current controller bandwidth αe
is set to 3000, the speed controller bandwidth αm is set to 30 and λ is set
to 2.

A reference step in speed will result in transients which will damp out fast
and give a zero steady-state error. It can be seen in Figure 6.9d that there



CHAPTER 6. VERIFICATION 42

is an error in the flux during the magnetization of the machine. The error is
due to that the derivative of the stator current is neglected in the equation
determining the flux, i.e. (5.89) and (5.90). With perfect parameters there
will be perfect load following.

(a) Rotor speed (ωr) and rotor speed error
(ωr − ω̂r).

(b) Rotor flux angle (θe) and rotor flux
angle error (θe − θ̂e).

(c) Electrical torque (Te). (d) Rotor flux linkage (ψdR) and rotor flux
linkage error (ψdR − ψ̂dR).

Figure 6.9: Sensorless control using perfect parameters.



Chapter 7

Conclusion

A model of the induction machine that drives the washing machine drum, a
model of the washing drum with unbalanced load and a speed and current
controller have been derived and implemented in MATLAB/Simulink.

By determination of the T-equivalent circuit parameters using the mo-
tor supplier measurements, the induction machine model could be compared
to the direct start measurements. As shown, the model represents the real
induction machine in a satisfying way. It should be noted that due to limita-
tions in the testing equipment, the direct start measurements have only been
performed at 50Hz, and is thus the only frequency at which the induction
machine model has been verified.

It was also noted that the unbalanced load had a significant influence on
the stator currents, and that it was especially easy to see this if the currents
where transformed to the synchronous (dq) reference frame. Hence, it should
be possible to draw conclusions of the mass of the unbalanced load from the
sinusoidal shaped current variation. However, no conclusion of the exact
mass can be drawn until the drum model with unbalanced load have been
verified and all parameters, such as the friction coefficients and belt spring
constant, have been determined.

Finally, two different controllers, both vector controlled, where derived
and analyzed. The first controller is a flux sensorless, speed sensored drive
which gives good performance at all speeds and is also a common way of
controlling induction machines. The second controller is a flux and speed
sensorless drive which require a more complicated algorithm but is the ideal
situation regarding cost and robustness [5]. At nominal speeds, a flux angle
estimate of good accuracy can be obtained, but at low speeds it is difficult
to guarantee stability and accuracy.
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Chapter 8

Further Work

In this chapter some examples on further work, with the result of this thesis
as a starting point, are presented. The suggestions for future thesis work
includes

• The parameters for the drum, such as the belt spring constant and
friction coefficients, is clearly subject for further work. Tests needs to
be performed on a real washing machine to extract the parameters. To
be able to draw further conclusions about the unbalanced load and the
current variations in the stator the drum model with the unbalanced
load also need to be verified.

• As presented in this thesis, it should be possible to determine the mass
of the unbalanced load from the stator currents. So, one task could be
to determine the mass of the unbalanced load by studying the stator
currents represented in the synchronous reference frame. This could
also include to investigate if it is possible to determine the position of
the unbalanced load.

• If it is desirable to eliminate all sensors, other controller methods, such
as DTC, could be investigated and compared to the sensorless vector
controller presented in this thesis in order to find the most suitable
controller.

• Finally, another machine of interest for further investigation is the
permanent magnet synchronous machine (PMSM), which have some
advantages over the induction machine in washer drives as discussed
in [13].
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Nomenclature

αe current controller bandwidth

αm speed controller bandwidth

µ1 friction in rotor pulley

µ2 friction in drum pulley

ω angular speed in arbitrary reference frame

ω1 mechanical rotor speed

ωe synchronous speed

ωmech mechanical rotor speed, (2/P )ωr

ωr electrical rotor speed

Ψ′
abcr rotor flux vector referred to the stator

Ψr rotor flux vector

Ψs stator flux vector

i′abcr rotor current vector referred to the stator

iabcr rotor current vector

iabcs stator current vector

v′abcr rotor voltage vector referred to the stator

vabcr rotor voltage vector

vabcs stator voltage vector

ξ belt spring constant

b rotor friction coefficient

Ba active damping friction coefficient
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NOMENCLATURE 46

d belt damping constant

Fk belt force, k = 1, 2

J rotor inertia

J1 inertia of the rotor

J2 inertia of the drum

kie current controller integral gain

kim speed controller integral gain

kpe current controller proportional gain

kpm speed controller proportional gain

L′lr rotor leakage inductance referred to the stator

Lσ transformed total leakage inductance, Ls − LM

Llr rotor leakage inductance

Lls stator leakage inductance

Lmr rotor magnetizing inductance

Lms stator magnetizing inductance

LM transformed magnetizing inductance, L2
m/Lr

Lm magnetizing inductance

Lr rotor self-inductance, Lm + Llr

Ls stator self-inductance, Lm + Lls

n rotor speed [rpm]

Nr number of rotor windings

Ns number of stator windings

ns synchronous speed [rpm]

P number of poles

r′r rotor resistance referred to the stator

r1 rotor axis radius

r2 drum radius
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ra active damping resistance

rR transformed rotor resistance, (Lm/Lr)
2 rr

rr rotor resistance

rs stator resistance

s slip

Tµk
torque due to friction, k = 1, 2

Te electrical torque

TJk
torque due to inertia, k = 1, 2

Tk torque due to force on belt, k = 1, 2

TL load torque
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Appendix A

Reference Frame Theory

It is preferable to derive the induction machine model in an arbitrary frame
and later adapt the model to the preferred one depending on the problem
to be solved. The same model can then be used solving different problems.

as

bs

cs

α

β

ar

br

cr

phase a

x

y

d

q

θr

βθ

θe

phase cphase b

Figure A.1: Reference frames superimposed on a 3-phase induction machine.

The most commonly used reference frames are summarized in Table A.1
and shows the values taken by θ and β shown in Figure A.1.

Reference Frame θ β Description
Rotor θr 0 The xy axes rotate at rotor speed.
Stationary (αβ) 0 −θr The xy axes do not rotate.
Synchronously

θe θe − θr
The xy axes rotate at synchronous

rotating (dq) speed.

Table A.1: Commonly used reference frames.
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The following guidelines are suggested in [6] when choosing which refer-
ence frame to use

• Use the stationary reference frame if the stator voltages are either
unbalanced or discontinuous and the rotor voltages are balanced.

• Use the rotor reference frame if the rotor voltages are either unbalanced
or discontinuous and the stator voltages are balanced.

• Use either the stationary or synchronous reference frames if all voltages
are balanced and continuous.

It is also suggested that the synchronously rotating reference frame may
be useful in variable frequency applications. In this thesis, the stationary
(αβ) reference frame will be used for the induction machine model and the
synchronous (dq) reference frame will be used for the controller.

A.1 Stationary Circuit Element

Transforming the stationary circuit elements from the 3-phase reference
frame (abc) to the arbitrary reference frame (xy) (see Figure A.1) can be
performed in two steps or in one single step. Transforming in two steps
means that the abc frame first has to be transformed to the αβ frame and
then from the αβ frame to the xy frame. The two step transformation is
given by[

fαs
fβs

]
=

2
3

[
1 −1

2 −1
2

0 −
√

3
2

√
3

2

] fas
fbs
fcs

 (A.1)

[
fxs
fys

]
=
[

cos θ sin θ
− sin θ cos θ

] [
fαs
fβs

]
(A.2)

with the term 2/3 in (A.1) representing amplitude invariant transformation.
Transforming back again yields[

fαs
fβs

]
=
[

cos θ − sin θ
sin θ cos θ

] [
fxs
fys

]
(A.3) fas

fbs
fcs

 =

 1 0
−1

2 −
√

3
2

−1
2

√
3

2

[ fαs
fβs

]
. (A.4)

Transforming from the stationary to the arbitrary frame, or reversed,
can also be expressed as

fxys = fαβse−jθ (A.5)

fαβs = fxysejθ. (A.6)
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To transform directly from the abc frame to the arbitrary frame (and the
other way around) the following equations, where f can represent current,
voltage or flux linkage, are used

fxy0s = Ksfabcs (A.7)

fabcs = (Ks)
−1 fxy0s (A.8)

where

fxy0s =
[
fxs fys f0s

]T (A.9)

fabcs =
[
fas fbs fcs

]T (A.10)

Ks =
2
3

 cos θ cos
(
θ − 2π

3

)
cos
(
θ + 2π

3

)
− sin θ − sin

(
θ − 2π

3

)
− sin

(
θ + 2π

3

)
1
2

1
2

1
2

 (A.11)

(Ks)
−1 =

 cos θ − sin θ 1
cos
(
θ − 2π

3

)
− sin

(
θ − 2π

3

)
1

cos
(
θ + 2π

3

)
− sin

(
θ + 2π

3

)
1

 (A.12)

ω =
dθ

dt
. (A.13)

Note that a variable, f0s, called the zero sequence component is included
with the dq variables in order to handle unbalanced voltages and to be able
to invert the transform Ks.

Resistive Elements

For a 3-phase resistive circuit, the following yields

vabcs = rsiabcs. (A.14)

Combining (A.8) with (A.14) the resistive circuit can be expressed in
the arbitrary reference frame, i.e.

vxy0s = Ksrs (Ks)
−1 ixy0s. (A.15)

Assuming a symmetrical induction machine, the resistance of each wind-
ing is the same (rsa = rsb = rsc = rs) and the following is true

Ksrs (Ks)
−1 = rs =

 rs 0 0
0 rs 0
0 0 rs

 . (A.16)
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Inductive Elements

For a 3-phase inductive circuit, the following yields

vabcs =
dΨabcs

dt
= pΨabcs (A.17)

As for the resistive circuit, the inductive circuit can also be expressed in
the arbitrary reference frame by substituting (A.17) into (A.7), which gives

vxy0s = Ksp
[
(Ks)

−1 Ψxy0s

]
= Ksp

[
(Ks)

−1 Ψxy0s

]
+ Ks (Ks)

−1 pΨxy0s. (A.18)

Combining (A.18) with well known trigonometric identities it can instead
be expressed as

vxy0s = ωΨyx0s + pΨxy0s. (A.19)

For a linear magnetic system, which is assumed in this theses, the flux
linkages may be expressed as

Ψabcs = Lsiabcs (A.20)

or expressed in the arbitrary reference frame

Ψxy0s = KsLs (Ks)
−1 ixy0s. (A.21)

The inductance matrix Ls describes the relationship between the self-
and mutual inductance, Lls and Lms respectively, of the stator phases of a
symmetrical induction machine.

A winding self-inductance is the ratio of the flux linked by that winding
to the current flowing in that winding with all other winding currents zero.
Mutual induction is the ratio of flux linked by one winding due to current
flowing in a second winding with all other winding currents zero including
the winding for which the flux linkages are being determined (see for example
[6] for detailed information about inductance relationship). The flux linkage
for stator winding a can be written as

ψas =(Lls + Lms) ias −
1
2
Lmsibs −

1
2
Lmsics + Lsr cos θriar

+ Lsr cos
(
θr +

2π
3

)
ibr + Lsr cos

(
θr −

2π
3

)
icr (A.22)

where the same form yields for the flux linkages of stator winding b and c
and for rotor winding a, b and c. In matrix form the flux linkages are given
by [

Ψabcs

Ψabcr

]
=
[

Ls Lsr
(Lsr)

T Lr

] [
iabcs
iabcr

]
(A.23)
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where

Ls =

 Lls + Lms −1
2Lms −1

2Lms
−1

2Lms Lls + Lms −1
2Lms

−1
2Lms −1

2Lms Lls + Lms

 (A.24)

Lr =

 Llr + Lmr −1
2Lmr −1

2Lmr
−1

2Lmr Llr + Lmr −1
2Lmr

−1
2Lmr −1

2Lmr Llr + Lmr

 (A.25)

L′
sr = Lms

 cos θr cos
(
θr + 2π

3

)
cos
(
θr − 2π

3

)
cos
(
θr + 2π

3

)
cos θr cos

(
θr + 2π

3

)
cos
(
θr + 2π

3

)
cos
(
θr − 2π

3

)
cos θr

 (A.26)

(A.27)

where Lms is the mutual inductance of the stator winding, Lls is the self-
inductance of the stator winding, Lmr is the mutual inductance of the rotor
winding, Llr is the self-inductance of the rotor winding and Lsr is the mutual
inductance between the stator and rotor windings.

A.2 Rotating Circuit Element

Deriving the transformation matrices for the rotor is done in a similar man-
ner as for the stationary circuit (see section A.1). The matrices defined for
the rotating circuit element are thus only listed in this section. The matrices
are given by

f′xy0r =
[
f ′xr f ′yr f ′0r

]T (A.28)

f′abcr =
[
f ′ar f ′br f ′cr

]T (A.29)

Kr =
2
3

 cosβ cos
(
β − 2π

3

)
cos
(
β + 2π

3

)
− sinβ − sin

(
β − 2π

3

)
− sin

(
β + 2π

3

)
1
2

1
2

1
2

 (A.30)

(Kr)
−1 =

 cosβ − sinβ 1
cos
(
β − 2π

3

)
− sin

(
β − 2π

3

)
1

cos
(
β + 2π

3

)
− sin

(
β + 2π

3

)
1

 (A.31)

ωr =
dθr
dt

(A.32)

rr =

 rr 0 0
0 rr 0
0 0 rr

 . (A.33)



Appendix B

DC Resistance Test

The stator winding resistance is preferably measured before any other test
is performed since the resistance is dependent on the temperature. The ex-
periment is conducted at room temperature which means that the resistance
has to be corrected to yield during steady state performance. The following
equation [1] can be used

Rt = Rt0
t+ k

t0 + k
(B.1)

where k is the characteristic constant for the winding material, t is the lim-
iting temperature according to the insulation classification, t0 is the tem-
perature at which the experiment was conducted and Rt0 is the measured
armature resistance at temperature t0.

Test Procedure

• Apply a DC voltage across two series connected phases. A relatively
low value of current should be used so that the resulting I2R loss
will not cause a significant change in temperature during the time of
application.

• Measure the current using a ampere-meter.

• Calculate the mean value of the stator winding resistance.
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Appendix C

No-Load Test

The per phase equivalent circuit can be simplified at no-load to yield

rs

jXm

jXlr

V0

+

−

I0

rc
rr

slip

jXls

Figure C.1: Induction machine equivalent circuit at no-load.

With the motor connected to rated voltage and frequency and the rotor
uncoupled from any mechanical load (i.e. the slip s is approximately equal
to zero), the input power, current, frequency and voltage is noted to find the
losses which in turn gives the magnetizing impedances (rc and Xm). The
losses present are

• Hysteresis and Eddy current losses (iron losses) in stator (PFe1) and
rotor (PFe2)

• Winding and Friction losses (Pµ)

• Copper losses in stator (PCu1) and rotor (PCu2)

The total no-load loss can be described using

P0 = PFe1 + PFe2 + PCu1 + PCu2 + Pµ. (C.1)

At no-load, PFe2 and PCu2 (losses referred to the rotor) can be neglected
and (C.1) can be written as

P0 = PFe1 + PCu1 + Pµ. (C.2)
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The rotational losses comprises of iron losses and the windage and fric-
tion losses, i.e.

Prot = PFe + Pµ ≈ PFe1 + Pµ = P0 − PCu1. (C.3)

The impedance (Figure C.1) of the magnetizing branch is found to be

Zm =
rcjXm

rc + jXm
=
rcjXm(rc − jXm)

r2c +X2
m

. (C.4)

With the assumption that X2
m << r2c (C.4) becomes

Zm =
X2
m + rcjXm

rc
=
X2
m

rc
+ jXm. (C.5)

The resistive and reactive part of the above calculated impedance can
now be used to find the total impedance

Z0 = R0 + jX0 =
V0

I0
(C.6)

R0 = rs +
X2
m

rc
=
P0 − Pµ

3I2
0

(C.7)

X0 = Xls +Xm =
√
Z2

0 −R2
0. (C.8)

Since Xls and Xm are not uniquely determined by the no-load test the
value of the magnetizing reactance is determined using the the value of the
stator leakage reactance derived in the locked rotor test, see Appendix D.

The magnetizing impedances can now be found by rewriting (C.7) and
(C.8) according to

Xm =
√
Z2

0 −R2
0 −Xls (C.9)

rc =
X2
m

R0 − rs
=

3I2
0X

2
m

P0 − Pµ − 3I2
0rs

. (C.10)
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Test Procedure

The no-load test is performed by running the machine at rated voltage and
frequency without any load connected [2]. The iron loss will vary with the
square of voltage while the friction loss will stay relatively constant because
of constant motor speed. Adjusting the motor voltage and taking a series
of readings from approximately 125% of rated voltage down to a minimum
voltage where the motor current no longer drops with voltage the iron loss
and the windage and friction loss can be determined.

Figure C.2: Setup during no-load testing.

Perform the following steps

1. Use the setup shown in Figure C.2 above.

2. Adjust the applied voltage to 125% of rated voltage.

3. Take readings of the line currents and voltages. The no-load current
(I0) is taken as the average of the line currents. The same yields for
the no-load voltage (V0).

4. Decrease the applied voltage and repeat step 3.

The no-load power (P0) is found, using the above measured currents and
voltages, using

P0 = S cos(ϕ) (C.11)

where S = V1I1 + V2I2 + V3I3. The phase angle ϕ is found by measuring
the time instance of the peak of the phase voltage and current. The time
difference is then referenced to the period of the waveform and converted to
degrees. The following MATLAB code can be used to find the magnitude
and phase position of a signal

signal = v1; % currents and voltages
fftvector = fft(signal)/((length(signal)/2);
magnitudes = abs(fftvector);
phaseshifts = 180/pi*atan2(imag(fftvector),real(fftvector));
position = 51; % this is for 50Hz and 1s sampling duration
magnitude(position) % get the magnitude
phasshift(position) % get the phase position



Appendix D

Locked Rotor Test

During this test, the rotor is at stand still, while low voltage is applied to
stator windings to circulate the rated current. At this point, all of the power
going to the motor is lost in the windings. This is the copper loss at full load.
Initial test should be performed at maximum (rated) current. Subsequent
tests are performed at successively lower currents.

Since there is no rotation, the slip equals 1, so, rr/s = rr. Xm and rc
is connected in a parallel manner with the impedance Zr (i.e. rr + jXlr),
so the input current divides between the two paths. However, the reactance
Xm and resistance rc is very much larger than the impedance Zr, so we
neglect the small current through Xm and rc and assume that the current
flows only through Zr. Now the equivalent circuit for the locked rotor test
can be simplified as shown in Figure D.1.

rs

jXm

jXlr

Vk

+

−

Ik

rc
rr

slip

jXls

Figure D.1: Induction machine equivalent circuit with locked rotor.

The total impedance (Zk) can be calculated using the measured voltage
(Vk) and current (Ik) according to

Zk =
Vk
Ik
. (D.1)

The power factor (φk) is calculated using

cos(φk) =
Pk

3VkIk
⇒ φk = arccos

(
Pk

3VkIk

)
. (D.2)
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The total resistance Rk and the total leakage reactanceXk can be derived
using (D.1) and (D.2) according to

Rk = Z cos(φk) (D.3)
Xk = Zk sin(φk). (D.4)

Knowing the total reactance Zk, the frequency (ω) and assuming that
Xls ≈ Xlr, the values of Lls and Llr can be calculated according to

Xls = Xlr =
Xk

2
(D.5)

Lls =
Xls

ω
(D.6)

Llr =
Xlr

ω
. (D.7)

With a cage motor the rotor resistance (rr) clearly cannot be measured
directly, but the stator resistance (rs) can be obtained from a DC resistance
test (as described in Appendix B) and hence the referred rotor resistance
can be obtained using Rk = rs + rr.

If there is no flux saturation the locked rotor current varies directly with
the voltage.

Test Procedure

• Connect the induction motor and the DC motor with the torque meter
in between them.

• Connect the DC motor to the thyristor converter and induction motor
to the grid in the same way as in the no-load test shown in Figure C.2.

• Set the target speed for the DC motor speed controller to 0.

• Adjust the transformer to circulate rated current in induction motor.

Measure the voltage (Vk), current (Ik), input power (Pk) and torque
(Tout) at different frequencies. Perform this test at successively lower voltage
(current).



Appendix E

Direct Start

A direct start of a induction motor can be seen as a step in voltage. This
test is done to achieve a reference for the simulation and hence to verify the
derived model of the motor. During the direct start the current, voltage and
speed is recorded and saved.

To determine the rotor inertia a current step is applied to the motor and
the acceleration and torque applied can be used to derive the inertia. To
record test data a computer is required.

The acceleration (dωdt ) and the inertia (J) is read from the measurement
and the torque (T ) is calculated according to

T = J
dω

dt
. (E.1)

Another possibility is to measure the torque with a special meter con-
nected between the induction motor and the break. The torque per phase
can also be calculated using

T =
1
ωs

V 2
as(

rs + rr
s

)2 +X2
l

rr
s

(E.2)

which yields only at steady-state.
The nomenclature is taken from Figure D.1 where Xl is the total reac-

tance of Xls and Xlr. The synchronous speed (ωe) is calculated according
to

ωe =
2× 2πf

P
. (E.3)

Test Procedure

The set up for the voltage step test and the current step test is identical and
done using the same set up as in the no load test described in Appendix C.
In addition, if a torque meter is available this can be used to measure the
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torque directly on the shaft. The torque meter is connected in between the
induction motor and the break. The computer should be connected to be
able to measure voltage, current, speed and torque.

Voltage step

• Start recording.

• Switch on the voltage supply.

Current step

In this this test a current controller must be used. This can be implemented
in the computer or in an external controller.

• Make sure the current controller is adjusted to the desired value.

• Start the recording.

• Start the current controller and make the step.



Appendix F

Torque-Speed Test

The torque-speed test is performed to find the operating characteristics of
the electric machine. The resulting curve can then be used to match appli-
cation with the appropriate machine. However, in this thesis the resulting
torque-speed curve is used for Simulink model verification.

Test Procedure

The torque-speed curve measurements are made using the same setup as
for the locked rotor test, see Appendix D. At selected frequencies in the
range from 0 to 380Hz, the voltage is adjusted so that the V/f ratio is kept
constant until the base speed (ω) is reached by varying the load (TL) using
the DC machine. Beyond base speed, full voltage should be applied while
still varying the load until no-load is reached.

The following steps should be performed in order to obtain the torque-
speed curves at frequency ranging from 0 to 380Hz:

1. Start with a frequency of 10 Hz and apply voltage accordingly, as
described above (V/f = 0.5).

2. Adjust the DC machine so that full load torque is achieved (s = 1).

3. Measure the motor speed (ω) using the tacho-meter and the torque
(TL) using the torque-meter.

4. Ease the breaking torque in steps.

5. Repeat step 3 and 4 until no-load is achieved (s = 0).

6. Repeat step 2 to 5 above for frequencies up to the maximum of 380
Hz.
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Induction Machine
Parameters

The T-equivalent circuit parameters for AHV CIM motor 10109 T is deter-
mined by using measured data supplied by the manufacturer ATB SELNI
and the equations defined in Appendix C and D. The calculated data is
then compared to the manufacturer calculated Γ model parameters.

DC resistance

Parameter Value
rs 2.65Ω

Table G.1: Measured per phase DC resistance data supplied by motor man-
ufacturer.

No-load

rs

LmV0

+

−

I0 rc

Parameter Value
P0 53.80W
PFe 45.68W
Q0 258.10W
I0 1.75A
V0 150.64V

Figure G.1: Measured per phase no-load data supplied by motor manufac-
turer.
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Locked rotor

rs

Lm

Lσ

V1

+

−

I1 rc rr

Parameter Value
P1 34.47W
Pr 15.6W
Q1 46.00W
I1 2.67A
V1 21.55V

Figure G.2: Measured per phase locked rotor data supplied by motor man-
ufacturer.

Calculations

As described in Appendix D the inductances Lls and Llr and the rotor
resistance rr can be calculated using the measured locked rotor data. Using
the equations defined in Appendix D, Lls, Llr and rr can be determined.
Lm and rc can be found using the no-load measurements together with
expressions for the active and reactive power [3], which is given by

P0 =
(
rc

X2
m

X2
m + r2c

+ rs

)
I2
0 (G.1)

Q0 =
(
Xm

r2c
X2
m + r2c

+Xls

)
I2
0 . (G.2)

No-load Locked rotor
Parameter Value Parameter Value
φ0 86.10◦ Zk 8.083Ω
Im 1.746A φk 53.13◦

Ic 0.119A Rk 4.850Ω
Lm 0.0889H Xk 6.467Ω
rc 455Ω Xls 3.233Ω

Xlr 3.233Ω
Lls 3.43mH
Llr 3.43mH
rr 2.2Ω

Table G.2: Calculated T-equivalent circuit parameters.
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The T-equivalent circuit is given by

2.65Ω 0.0034H

0.0889H

0.0034H

jωrψ
′
r

+

−

2.20Ω

vs

+

−

V
is i′r

ωr

Figure G.3: T-equivalent circuit.

The parameters in the T-equivalent circuit above can be translated to Γ
model parameters [4] which is the model used by the manufacturer. In this
way the parameters can be verified.

2.65Ω

0.093H

0.007H 2.20Ω

vs

+

−

is i′r497Ω jωrψ
′
r

+

−
V ωr

Figure G.4: Manufacturer calculated Γ model.


